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1. INTRODUCTION 
A problem in fluid mechanics is considered solved in the usual sense, if we 
can describe fairly explicitly certain functions such as pressure, density, 
velocity, etc. over a suitable domain. From such a complete description of a 
“fluid flow” we can pick out certain purely geometrical attributes such as the 
family of constant pressure surfaces, or the family of curves determined by 
the streamlines. 
In actual fact, of course, we don’t often come up with complete explicit 
solutions of fluid mechanics problems, and often start our consideration of a 
problem by focusing our attention on the geometry-for instance, we might 
begin by assuming the flow is “two dimensional.” Such an assumption is 
usually motivated by a given physical situation. If  we are more concerned 
with obtaining a general understanding of the nature of solutions in fluid 
mechanics rather than solving a specific problem, then any one of an endless 
number of geometrical assumptions might be imposed. Thus we might look 
for flows whose streamlines form normal congruences of curves, or whose 
principal normal congruences form normal congruences [I], etc. 
Rather than pick specific geometrical properties we might ask more general 
questions of the type “to what extent does the specification of the geometry 
of a flow determine the flow ?” Or “to what extent do the equations governing 
the flow restrict the possible shapes of the streamlines, constant pressure 
surfaces, or other intrinsic geometrical configurations ?” The study of the 
differential geometry of fluids is old. The spirit is represented (and most 
results presented) in Refs. [l-9] and references therein. The present contri- 
bution is in that spirit. 
We shall be concerned with steady nondissipative compressible fluid flow 
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as described by the following system of first-order partial differential equa- 
tions 
pti * cv L= - Gp, (1.1) 
\; . pu = 0, (1.2) 
e--&j -0, (1.3) 
v is the velocity, p the pressure, 7 the entropy, and p, a given function of p and 
7, is the density. We shall be interested only in local properties and solutions 
of this system. In particular, we shall not be concerned with boundary value 
problems or solutions with any kinds of singularities. 
For a class of fluids which contains the polytropic gases, the conditions 
above are shown to be equivalent to a system of conditions on the unit 
tangent t of the streamlines and the angle between the streamlines and the 
constant pressure surfaces (Theorem 1) and, also, equivalent to a system of 
conditions on t and the unit normal of the constant pressure surfaces (Theo- 
rem 2). Having reduced our problem to one in geometry, it becomes natural 
to look for geometrical conditions under which it can be solved. Our formula- 
tion immediately suggests one such condition, parallel constant pressure 
surfaces, under which considerable simplification is achieved (Theorem 3), 
and at least in the plane flow case, explicit solutions can be found. 
2. A “REDUCED” EQUIVALENT SYSTEM 
In a flow, i.e., a solution (@, p, 7) of (l.l)-(1.3), the curves formed by the 
streamlines may be described by a unit tangent vector i, and we may write 
v = qt, (2.1) 
where 4 is the velocity magnitude. With v decomposed in this way Eq. (1.1) 
can be written in the form (assuming p@’ # 0) 
(t.Vlnq)t+Kti== --1_Vp, 
P!.? 
(2.2) 
where ti is the principal normal and K is the curvature of the streamlines. 
Though Eq. (2.2) is well-known [4] it is worth specifically recalling its 
interesting geometrical content; namely, the pressure gradient lies in the 
osculating plane of the streamlines. The two special cases, VP is in the t 
direction, and Vp is in the % direction, have been studied [lo, 1 l] and will be 
excluded in subsequent considerations. 
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Using the decomposition (2.2), and introducing the notation 
the basic system (l.l)-(1.3) may b e written equivalently in the form 
i*vlnq = Kr, (2.4) 
t.Vlnp= -sKr, 
6.Vlnp =0, (2.6) 
i.VInpq+V.t=O, (2.7) 
t . v7j = 0, P-8) 
where 6 is the binormal of the streamlines. Note that r may be interpreted 
geometrically as giving the angle between the streamlines and the constant 
pressure surfaces. 
Finally, we will transform the system (2.4)-(2.8) by using an equation of 
state of the product form 
P = P(P) fw* (2.9) 
The condition (2.9) which we impose is not too restrictive physically as it 
includes the classical polytropic gas. On the other hand, with an equation 
of state of the form (2.9), we have available the Munk-Prim substitution 
principle. In terms of the quantity 
(2.10) 
then, the system (2.4)-(2.8) is equivalent to the system 
I.VlnQ = Kr, 
t.VlnP= -#or, 
b*VlnP =0, 
f.VlnP+t.VlnQ+V.t=O, 
(2.11) 
(2.12) 
(2.13) 
(2.14) 
where x is (dp/dP)-l. Putting r = t . VP/% . VP into (2.1 l)-(2.14), we have a 
system of equations for the functions P and Q and the unit vector E. Let us 
explicitly note that the term “equivalent” above includes the fact that if 
(P, Q, t) satisfies (2.1 I)-(2.14) then, the system (2.4)-(2.8), with p given by 
(2.9) is satisfied by (t, q = Q/dS, p = P-l(P), 7 = S-l(S)) where S is 
any function such that t . VS = 0. 
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3. A GEOMETRICAL CHARACTERIZATION OF FLUID FLOWS 
%‘e find that the system (2.11)-(2.14) can be reduced further when we 
focus our attention on (2.1 l), (2.12), and (2.14). These three equations are 
algebraically equivalent to 
i.vlnQ = Kr, 
t.VlnP=-KP-V.& 
and 
KT- xQW= -V. t. 
The last equation may be solved for Q”; that is, 
(3.1) 
(3.2) 
(3.3) 
Q” zzz 
Kr + v . t 
XKr 
(3.4) 
and then this expression for Q may be substituted into (3.1). The resulting 
equation, 
t . V In 
Kr+v’t 
KT 
= (2 + c(~))Kr + c(p)v . t, (3.5) 
along with (3.2) and (2.13) form a new system for P and t. In (3.5), 
c(P) = - Pd In x/dP. Again the new system is equivalent to the previous 
system, for a solution of the former with Q defined by (3.4) is a solution of 
the latter. 
In the various systems up to now, we have imagined P replaced by 
i . VP/n . VP. Now let us think of P as a new unknown and introduce 
r= 
i.VlnP 
%.VlnP (3.6) 
as an equation to be solved. This equation together with (3.2), (2.13), and 
(3.5) gives the system 
i’vlnP= -Kr-v’i, 
fl.VlnPz -Krr-V.t, 
b.VlnP=O, 
(3.7) 
(3.8) 
(3.9) 
t . V In 
,r+v.t 
l‘z 
= 2Kr + C(P) (Kr + v *  t). (3.10) 
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Now consider the integrability conditions for Eqs. (3.7)-(3.9) (cf. Ref. [12, 
p. 991) to determine P. These are equations involving P, i, and their deriva- 
tives, and not involving P. Furthermore, it just happens that in the most 
important case, namely, where P is a power of p, c(P) is constant, so that 
in this case, (3.10) does not involve P either. Thus, assuming c(P) is constant, 
as we shall henceforth, we can state the following theorem: 
THEOREM 1. If  a function I’ and a unit vector t satisfy the integrability 
conditions of (3.7)-(3.9) and also satisfy (3.10) then there areJEows with stream- 
lines having unit vector t and with constant pressure surfaces making an angle 
with the streamlines given by r. 
We can conclude that the integrability conditions of (3.7)-(3.9) and Eq. 
(3.10) constitute a geometrical characterization of flows, since, clearly, these 
conditions are also necessary for flows. 
We shall not record the integrability conditions of (3.7)-(3.9) here, as they 
are complicated appearing and we have not pursued the results in this 
direction. We wish rather to turn to a modified formulation which, at least 
off hand, seems more interesting and more promising. 
4. ANOTHER GEOMETRICAL CHARACTERIZATION 
Let us define an orthogonal unit triad IV, a; and ii by 
N= ,g;;, , (4.1) 
i=aN+pi, (4.2) 
ii=Nxa. (4.3) 
From (3.9) we must have I = jI 6. Choose the orientation of z in (4.2) so 
that J = 6. Then 
n=-p+aii. (4.4) 
Further, from (3.6), (4.1), (4.2) and (4.4) we get 
‘=-;* (4.5) 
Applying (4.2), (4.4), and (4.5) to (3.7) and (3.8) these equations become 
(4.6) 
Z.VlnP=O. (4.7) 
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Using u = b, Eq. (3.9) becomes 
C.VlnP=O (4.8) 
and using (4.2) and (4.Q Eq. (3.10) becomes 
The system (4.6)-(4.9) is not equivalent to (3.7)-(3.10). In order to obtain 
the latter system from the former we must adjoin 
b*rn=O. (4.10) 
That is, if (t, m, P) satisfies (4.10) as well as (4.6)-(4.9) in which equations 
%, C, 01, and /? are defined in terms of t and m by (4.2) and (4.3) (with the help 
of (4.10)), then (t, P, P = i * R/C * fl) satisfies (3.7)-(3.10). 
Now consider the integrability conditions for Eqs. (4.6)-(4.8) to determine 
P. For equations written in terms of intrinsic derivatives as ours are, these 
conditions can be expressed in terms of “rotation coefficients” [12]. In our 
particular case, they reduce to 
(4.11) 
(4.12) 
in which 
?& = ;\h’$ . VI x and x = iv, ; = a, and 
2 1 
i = ii. 
Since K//I - V . YLY = 0 is uninteresting, Eq. (4.12) simply says that m is 
the vector of a normal congruence. Moreover, using the definitions of 
y  and y  , and denoting the curvature vector of the is congruence by 
I$’ we ca?combine (4.11) and (4.13) to give 
(4.14) 
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where 0 is a real function. Gathering up the several conditions we have 
obtained in the last few paragraphs, we can state more formally in the follow- 
ing theorem: 
THEOREM 2. Suppose t and N are unit vectors such that the congruence of m 
is normal and such that m lies in the osculating plane of 2, and suppose that t and 
m satisfy (4.9) and (4.14). Then there are fEOws in which the curves of the con- 
gruence with unit vector t are streamlines, and the surfaces normal to N are 
constant pressure surfaces. 
It should be clear from our derivation that the conditions in the theorem on 
f and n are also necessary conditions for a flow so that we do indeed have a 
geometrical characterization. 
A possible virtue of a geometrical description is that it might suggest 
looking for flows with certain geometrical conditions. In our case, the need to 
satisfy (4.14) suggests looking for flows with parallel constant pressure 
surfaces. (In that case kN will be zero.) We will see that such flows can be 
found, but first we will turn our attention more toward the surfaces normal to 
m and write the expressions K/p and K/p - V . j/a in the above conditions 
more directly in terms of the properties of those surface rather than the 
streamlines. 
5. FORMULAS FOR K//I AND K/P - V . ~/CX 
Let P and I?~ be the curvature vectors of the r% and N congruences, res- 
pectively. Let 9 and k2 be the curvature vectors of two mutually orthogonal 
congruences in the constant pressure surfaces. Then [13] 
V . 8 = - a. (K” + ,q”), 
v . m = - jf7 . (21 + q. 
Expanding V * i using (4.2) and then using (5.1) and (5.2), we get 
(5.1) 
(5.2) 
v.t ~ zx 
a 
- m . (k’ + 3) + +- a. (I?‘ + 2”) 
(5.3) 
Again, using (4.2) we get 
~=ort.V~+B~.V~+(t.Vol)W+(t.V~)~ 
= c&N + ,@j. VN + /It * V& + (t . V,) N + (t . VP) 3. 
409/37/3-7 
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The expansions of the second and third terms on the right in terms of the 
triad (N, 8, U) are, respectively, 
a.v,~=n.(a.V~)a$-5.(a.V~)u 
= - (rn P) a + T,% 
(Ref. [14, p. 2941) and using (4.2) and (4.4) 
t.va= -&$(i.v~).“r’+cx7~ 
(T is the torsion of the streamlines, and ka and 7ya are, respectively, the 
curvature and the geodesic torsion of the a curves). Thus, finally, we get 
(5.4) 
and from (5.3) and (5.4), since m . (fP + K2 - Ka) = N . I?, 
1 &r.#p--~.$h-- 
r vz.P-N.Vln/rj. (55) 
We can now substitute the expressions given by (5.4) and (5.5) into the 
basic conditions (4.9) and (4.14) and thereby express these conditions in 
terms of r and curvatures related to the constant pressure surfaces. 
6. PARALLEL CONSTANT PRESSURE SURFACES 
At least one of the geometrical conditions obtained in Section 4 simplifies 
if the constant pressure surfaces are parallel. In that case, zN = 0 and condi- 
tion (4.14) reduces to 
v.t -- ; ,-=c, (6.1) 
where C is constant on constant pressure surfaces. Equation (4.9) also simpli- 
fies. We can express these conditions in more convenient form if we introduce 
a suitable coordinate system. 
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Since the constant pressure surfaces are parallel, the normals along a line 
of curvature on one surface intersect corresponding lines of curvature on all 
the other surfaces. Thus, we have a triply orthogonal system of surfaces and 
we can introduce the coordinate system (xl, x2, x+), where x1 and x2 are para- 
meters of the two families of surfaces through the lines of curvature, and x3 
is a parameter of the constant pressure surfaces. 
With this coordinate system, (6.1) becomes 
(6.2) 
with F an arbitrary function of x3, and (4.9) becomes 
“lnK 
1 a -- 
vg33 &x3 -F I I 
---‘,I$-“I 
vg33 ax3 a 
cos l) 1 ------a’n $2!TY!!kLL 
.I- z/g11 a+ I I 
In 5 
I I r 2/g22 ax2 P 
(6.3) 
where gij is the metric tensor and # is the angle from the x1 direction to the z 
direction. We can takeg,, = 1 in this case without loss of generality. We also 
note that g,, and g,, are simple functions of x3 and the metric coefficients of 
any one of the surfaces [15, p. 1581. H ence, using (6.2), we can write (6.3) as 
&lnI~~--+(~ 
= 2 F + cF(x3) + -$ In 
-&ln K +--- l I sin 3 a B qg2, ax2 In $ I I) 
(6.4) 
I F(x3)l - 
Finally, we introduce the expressions obtained in Section 5 into (6.2) and 
(6.4). In (6.2), we use (5.5) and get (since, in this case, kN = 0 and 
NeVln]rj =alnlrj/ati) 
&lnlri +F(x~)=~*P-~~?*P 
and in (6.4) we put 
(6.5) 
p-..li.+& --&-s+--- ( 
cos* ar sin 4 ar 
vg22 ax2 
rar 
ax3 > 66) 
636 WASSERMAN 
which is what (5.4) reduces to in this case. Equation (6.4), (with K/P given by 
(6.6)), and Eq. (6.5) are the conditions corresponding to Eqs. (4.9) and 
(4.14), respectively, for the case of parallel constant pressure surfaces. 
Of the other two conditions required in Theorem 2, namely, that the con- 
gruence of N is normal, and that n’ lies in the osculating plane of t‘, clearly, 
the first is satisfied and the second will be satisfied i f f  the curvature vector 
i . Vt lies in the w, s plane. Putting t = fi(- I’N + a), we get (t * Vi) . Al = 0 
i f f  
g . jp Z 0. (6.7) 
That is, for flows with parallel constant pressure surfaces the curves with 
tangent vector a are geodesics. We can summarize our results for this case 
with the following theorem: 
THEOREM 3. Suppose we have a family of parallel surfaces and functions r, 
4, and F which satisfy (6.4) (with K/p given by (6.6)), (6.3, and (6.7). Then the 
surfaces are constant pressure surfaces of a fluid flow with streamlines making 
an angle given by r with these surfaces. 
Note that in our system of equations # appears not only as shown explicitly, 
but also occurs in the normal and geodesic curvatures of the z and u congruen- 
ces. More specifically, by Euler’s theorem [15, p. 731, 
m  ’ ia = K1 COS2 I) f K2 Sin2 #, 
m  . I? = K1 Sin2 t,b + K2 cOS2 $h 
and by Liouville’s formula [14, p. 741, 
where 
c= 
i 
1 8 421 -J-y&o). 
- Tz2 -G- ’ vg11 
The principal normal curvatures ICY and K 2, like the metric coefficients, are 
simple functions of x3 and those of any one of the surfaces [15, p. 1591. Thus, 
while in our statement of Theorem 3 the family of surfaces is supposed to 
be given, we could omit this requirement and think of the metric coefficients 
and curvatures of one surface as unknowns to be determined along with I/, r, 
and F by the three equations, subject, of course, to the Gauss-Codazzi 
conditions. This point of view is effective in certain special cases like the 
following where the Gauss-Codazzi conditions are automatically satisfied. 
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7. PLANE FLOWS 
Various special cases of Eqs. (6.4) and (6.5) may be considered. Some 
simplification occurs, for example, if either the a or ii congruences are lines 
of curvature, if the @ curves are geodesics, or if either family are asymptotics. 
If we look for plane flows, then I/ = 0, the ii curves are straight, and Eqs. (6.4) 
and (6.5) reduce to 
$lnfi-- ’ 
I I P 
-Llnl~~ =2++cF+&lnIFI, 
r vgll ax1 (7.1) 
with 
ar +mria+& -$-g+-g ( 1 (7.2) 
and 
&InlTi +F(x3)=0. 
Equation (7.3) requires 
1 r 1 = exp (- f F(x3) dx3 + G(xl)) , 
where G is an arbitrary function of x1, and this will be satisfied with 
r = 2(x”) X(x1), (7.4) 
G = In 1 X / , 
where Z is an arbitrary function of x3, and X is an arbitrary function of xl. 
Our problem has now reduced to solving (7.1) with r and F given by (7.4) 
and (7.5). We can either take the isobars, and hence their curvature and 
distance measurement, as given, or, as indicated at the end of Section 6, we 
can allow (7.1) to also determine these curves. In the latter approach, we pick 
an isobar from which we measure x3 and along which x1 is length. Then in 
(7.1) and (7.2), y’gU = 1 - x31(* and m . ia = ~*/(l - AC*), in which K* 
is another function of xl required only to satisfy (7.1). 
Perhaps we should recall that thus far we have no assurance that (non- 
trivial) plane flows with parallel isobars actually do exist. It is conceivable 
that if we proceed to try to solve (7.1) with r and F given by (7.4) and (7.5) 
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(using (7.2)), we will find it can’t be done. However, this is not the case. 
Recently [16], a class of plane flows with straight parallel isobars has been 
found, so we know that if we put fl . I? = 0 and g,, = 1 in (7.1) and (7.2) 
we will get solutions. Specifically, carrying out the calculations in this case we 
get first ~//3 = (X’Z - X2ZZ’)/(X2Z2 + 1) and then putting this along with 
(7.4) and (7.5) into (7.1), f t  a er some effort and putting Y = l/X, we get 
(c + 2)Z'3 + (2Y'Z - YY#)Z' + ((4 + c)Z'2 - zzy Y' = 0. (7.6) 
Two solutions of (7.6) are evident: 
(i) Y = Ax1 + A, , A #O, 
AZZ" - 2A2Z'- (4 + c)AZ'~ - (c + 2)Z'3 = 0; 
(ii) Z = Bx3 + B, , B # 0, 
YY" -(4 + c)BY'- 2Y12 -(c + 2)B2 =O. 
The differential equation in (i) is easily integrated. One integration of the 
differential equation in (ii) produces a badly nonlinear first-order equation. 
We have not pursued further the question of integration of the differential 
equation in (ii). Nor have we determined whether or not there are other 
solutions of (7.6), or what relation there may be between our solutions (i) 
and (ii) and those found in Ref. [16]. 
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